We elucidate the properties of an equilibrium thermal ensemble of free bosonic closed strings. We clarify that the topology of Euclidean time in the imaginary time formalism is that of an interval of length equal to the inverse temperature both in field theory and in string theory. We compute the spectrum of free strings living on the orbifold obtaining a thermal duality invariant expression for the normalized generating functional of connected one-loop vacuum string graphs. Thermal duality unambiguously determines the temperature dependent phases in the one-loop string path integral suggesting a simple prescription for computing the multiloop contributions to the vacuum energy density in string theory. We show that the thermodynamic potentials of the closed string ensemble are not duality invariant exhibiting continuous phase transitions of the Kosterlitz-Thouless type at the self-dual temperature. The Helmholtz free energy of the free bosonic closed string ensemble vanishes at the critical point.
Introduction
The finite temperature behavior of an ensemble of free strings has been extensively studied since the early days of string theory [2, 4, 5, 7, 8, 9] . The notion of a limiting temperature beyond which the thermal ensemble becomes unstable, in fact, predates the world-sheet formalism of string theory [11] . It was originally proposed within the context of the phenomenological dual reggeon models for the hadronic bound state spectrum [1, 3, 2] . The motivation for this suggestion is the exponential growth in the density of states function for the zero temperature free string spectrum which, by a simple back-of-the-envelope estimate reviewed in the appendix, suggests an instability in the thermal ensemble at a temperature T H = 1/4πα ′1/2 . The underlying assumption being made here is that strings in the thermal ensemble sample all available states in the zero temperature energy spectrum for the free string, and the degeneracy of such states is known to rise exponentially for high mass states.
In this paper we will show that this reasoning is in fact incorrect. While exponential growth in the density of states function is an undeniable characteristic of the free string ensemble, the finite temperature spectrum of free strings is much more complex: thermal strings can access states in any one of an infinite number of distinct winding and momentum sectors linked together by thermal duality transformations. We will show that the Helmholtz free energy of the thermal ensemble is derived from a thermal duality invariant expression for the generating functional of connected vacuum string graphs [5, 11] . We emphasize that the free energy itself is not duality invariant, but its origin in a duality invariant generating functional implies special properties for the thermal string spectrum. Within any sector with fixed momentum and winding eigenvalue, the density of states function indeed rises exponentially with increasing mass. But thermal duality interchanges momentum and winding sectors in the duality symmetric generating functional of vacuum graphs. We will show that the Helmholtz free energy at low, or high, temperature, receives contributions from all of the momentum and winding sectors of the partition function, rather than by states low or high in the mass spectrum within any one sector. We will find that there is, in fact, no Hagedorn-like divergence in the Helmholtz free energy of the thermal ensemble of free closed bosonic strings.
On the other hand, thermal duality brings to light a remarkable phenomenon of broad significance and potential importance in String/M theory. We will find that the one-loop contribution to the Helmholtz free energy of free bosonic closed strings vanishes precisely at the thermal self-duality temperature. This precise cancellation is independent of any special properties of the modular integral and holds everywhere in the modular domain. The phenomenon has parallels in both the weakly coupled type II and heterotic string theories at finite temperature, as will be shown in forthcoming work [13] . The technicalities are reminiscent of the vanishing of the one-loop effective potential discovered in certain nonsupersymmetric backgrounds of the heterotic string at points in the moduli space with enhanced gauge symmetry [12] .
We reiterate that while the cancellation we have found is a consequence of thermal duality, it occurs in a duality non-invariant quantity, and it involves all of the winding and momentum modes of the thermal string spectrum. Thermal duality is spontaneously broken in the heterotic string at strong coupling, with the occurence of novel thermal phase transitions evidenced in the dual weakly-coupled type I open and closed string theory, as was pointed out by us in [22, 13] . The detailed analysis of thermal duality and its consequences given in this paper for the simplest of the closed string theories paves the way for that discussion.
Previous analyses of bosonic closed string thermodynamics in the canonical framework either neglect, or explicitly violate, thermal duality [4, 5, 7, 8, 9] . An exception is the thermal duality invariant discussion of finite temperature closed string theory given in the recent text [11] , although this reference stops short of computing the Helmholtz free energy and thermodynamic potentials. In the interests of making the paper self-contained and pedagogical, we have included review with citation of previously known results in finite temperature string theory when applicable. We emphasize that this paper is not a comprehensive review of the many ideas and approaches that have entered the subject of string thermodynamics in the intervening years since [2] .
An important distinction we will make in this paper is between the thermal duality invariant string generating functional, including the effective potential, vs the Helmholtz free energy and other thermodynamic potentials, which we will show explicitly violate both thermal duality and modular invariance. The plan of the paper is as follows. In section 2, we begin with a brief review of some aspects of the zero temperature computation of the normalized one-loop contribution to the vacuum energy in string theory [5] . We give an overview of the imaginary time formalism for equilibrium finite temperature field and string theory, clarifying that the topology of Euclidean time is that of an orbifold with interval length equal to the inverse temperature, and explaining why our starting point for the discussion of equilibrium free bosonic closed string thermodynamics is the normalized generating functional for connected one-loop vacuum graphs in the Euclidean embedding space R 25 ×S 1 /Z 2 . In section 3.1 we obtain both the normalization and phase of the generating functional. The normalization can be obtained following the method developed in [5, 11] . We show that the temperature dependent phases in the string path integral are unambiguously determined using thermal duality suggesting a simple prescription for computing the multiloop contributions to the vacuum energy density. The orbifold topology in the imaginary time direction and its consequences are reviewed in section 3.2 [17, 11, 22] . In section 3.3, we review the thermal duality relation for the effective potential, and its high temperature limit, originally derived in [9, 11] .
Finally, in section 4, we derive the one-loop thermodynamic potentials for the free closed bosonic string ensemble. Although the results are derived from the modular and thermal duality invariant expressions for the string generating functional, we find that they explicitly break both symmetries. We verify that the Helmholtz free energy and all succeeding thermodynamic potentials are analytic in their dependence on the inverse temperature, undergoing continuous phase transitions of the Kosterlitz-Thouless type at the self-dual temperature [21, 17, 22] . We find that the Helmholtz free energy vanishes precisely at the critical point. For completeness, we give a brief discussion in the appendix of potential tachyonic instabilities in the thermal spectrum and compare with the Hagedorn instability of the asymptotic zero temperature density of states.
Some Aspects of Finite Temperature Field Theory
In this paper, we will compute the generating functional of connected one-loop vacuum graphs in a finite temperature closed string theory. We begin by reviewing some aspects of the zero temperature computation of the one-loop contribution to the vacuum energy density [5] . Note that the Polyakov path integral at fixed topology, or at fixed order in the string coupling constant, is a sum over connected Riemann surfaces of definite topology [15, 5] . It corresponds to W = −ln Z, rather than Z = < Ω|Ω >, the familiar vacuum-to-vacuum amplitude usually computed in field theory [24] . The distinction is of course unnecessary at tree level [14] . Thus, at zero temperature and in the absence of background fields, the sum over connected Riemann surfaces of different topologies corresponds to the sum over connected vacuum diagrams in field theory [24, 5] :
Here Γ is the quantum effective action functional or generating functional of one-particle-irreducible vacuum graphs [24] :
where |Ω > is the interacting vacuum and J an external source. The one-loop closed string vacuum graph computed in [5] corresponds to Γ(0): in flat spacetime, and at zero temperature and in the absence of background fields, φ cl. = < 0|φ|0 > = 0, where |0 > is the free closed string vacuum. The effective action functional is an intensive quantity. It is sometimes convenient to work with the effective potential defined as follows [24, 5] :
The one-loop effective potential in the zero temperature free string vacuum, V eff. (0), is nothing but the one-loop contribution to the vacuum energy density of flat spacetime [5] . It can be computed from first principles in string theory using world-sheet methods. Unlike field theory, where the vacuum bubbles give a formal divergence due to the infinity of modes in the field theory and, consequently, a renormalization scheme-dependent shift in the effective potential, the vacuum energy density in string theory is unambiguously normalized [5] . The one-loop string path integral is pure gauge as a consequence of two dimensional general coordinate invariance [14] . Its normalizability follows from the unique, gauge-invariant, world-sheet regulator preserving the Weyl invariance of the measure in the path integral [11, 16] . From the spacetime perspective the theory is both ultraviolet and infrared finite-in the fermionic case, and the vacuum energy density in any fixed background is finite and calculable [5, 12] . In a spacetime supersymmetric theory, V eff. (0) will of course vanish, but the contributions from bosonic, and fermionic, modes are separately finite and calculable. A word about dimensions is in order. Since Z and W are dimensionless, the effective potential has dimensions of L −(d+1) in d spatial dimensions. We use the natural unitsh=c=1. Now consider finite temperature string theory. Let us recall some standard wisdom about the imaginary time formalism for finite temperature quantum field theory. We consider the time independent quantum statistical mechanics of an equilibrium ensemble of particles with hamiltonian, H, at fixed temperature T , and confined to a fixed spatial volume V . The partition function, Z, Helmholtz free energy, F , pressure, P , entropy, S, and specific heat at constant volume, C V , are defined by the thermodynamic relations for the canonical ensemble:
All thermodynamic functions can be derived from a knowledge of the density matrix. In finite temperature field theory, one considers the normalized expectation values of observables in the thermal ensemble. The density matrix satisfies an evolution equation, suggesting that we introduce the parameter τ , with 0 < τ ≤ β. It is natural to associate τ with an auxiliary imaginary time, τ =−it, interpreting the Greens functions of the interacting d dimensional thermal field theory as Greens functions in an interacting d+1 dimensional zero temperature field theory, with imaginary time an interval of size β. Note, however, that "time reversal invariance" has no natural physical analog within the thermal prescription, as was pointed out in [22] . Operators in the Euclidean field theory are defined via the Heisenberg representation, φ(τ, x) = e τ H 0 φ(x)e −τ H 0 , with ensemble averages defined in the non-interacting Fock space. The fundamental object in the thermal field theory is the propagator which must satisfy a periodicity (aperiodicity) condition in the imaginary time direction as a consequence of cyclicity of the trace [23] :
The choice of sign corresponds, respectively, to fields with integer (half-integer) spin. The thermal Greens function for the free scalar field in d dimensions is Fourier expanded in even parity wavefunctions alone:
Conversely, the free fermion has a Fourier basis with only odd parity modes, ω n =(2n + 1)π/β, as a consequence of the aperiodicity in imaginary time. The important differences between quantum statistical mechanics and finite temperature field theory lie in the ill-defined nature of the tracenot only because of the usual infinity of self-interacting modes in an interacting quantum field theory, but because of the subtlety in describing the thermal vacuum. We clarify further below.
This prescription can be equivalently stated in the Euclidean functional integral formulation, where we restrict the path integral to modes that are periodic (aperiodic) on the interval in imaginary time [23] :
In other words, the field theory is formulated in a Euclidean spacetime with the orbifold topology R d ×S 1 /Z 2 such that we keep only field configurations of even (odd) parity:
Here φ denotes a classical field appearing in the path integral. Ordinarily, there is no obvious advantage to restating the prescription for finite temperature quantum field theory in the language of orbifolds. The global topology of the spacetime is, however, of fundamental significance in a string theory. Being extended objects, even free strings can explore the global topology of the space they live in, and the free string spectrum will reflect the orbifold nature of the imaginary time direction. The relation in Eq. (8) is familiar to the string theorist: it holds for the wavefunction of any state in the untwisted sector of the free string spectrum on the orbifold S 1 /Z 2 [11] . The Z 2 acts as the reflection: x 0 →−x 0 , and the set of wavefunctions, {φ}, is symmetric under the Euclidean "time reversal invariance". Of course in string theory, there are additional modes in the free string spectrum necessitated by world-sheet and spacetime symmetries [11] .
Turning to the finite temperature effective potential, the prescription in quantum field theory [25] is to sum over the same set of connected vacuum graphs as at zero temperature, taking care to replace all integrals in frequency space with infinite sums over quantized Matsubara frequencies [23] . As explained above, the frequency spectrum must be restricted to correspond to only even parity wavefunctions. Comparing with what we know of the momentum and winding number spectrum of a closed string on a compact one-dimensional target-space [11] , this implies that the topology of imaginary time in the embedding Euclidean space is that of a Z 2 orbifold. Thus, our starting point for a discussion of closed string thermodynamics is W , the generating functional of connected one-loop vacuum graphs in the embedding space R d ×S 1 /Z 2 with interval length β equal to the inverse temperature:
Here, F is the Helmholtz free energy of the ensemble of free strings and V the spatial volume occupied by the string ensemble. In parallel with the zero temperature relations given in Eqs.
(1) and (3), we have introduced the finite temperature analog of the effective potential, ρ(β). We emphasize, however, that the thermodynamic potentials of the free bosonic string ensemble follow directly from the generating functional of connected vacuum graphs, W . In section 3, we describe the world-sheet computation of W , from which follows the derivation of the Helmholtz free energy, F , and all of the other thermodynamic potentials in section 4.
Thermal Duality and the Vacuum Energy Density
The one-loop amplitude of perturbative string theory can be factorized in either closed or open string channels yielding the states in the free string spectrum. The thermodynamic behavior of pure closed string theories-bosonic, supersymmetric and heterotic, is fundamentally different from that of a theory of open and closed strings due to the presence of thermal duality invariance.
In light of the strong-weak coupling duality relating vacuum states of the heterotic and type I string theories [11] , this difference has a natural explanation as was pointed out in [22] . In this paper we restrict our discussion to thermal closed string theory. We will show that the apparent sicknesses of the canonical ensemble of pure closed strings, first emphasized in [4] , are considerably improved upon incorporating thermal duality. As a consequence, we can perform an analysis of string thermodynamics entirely within the canonical ensemble [22] , both for closed, and for open and closed, string theories, removing the immediate need for a microcanonical description [4, 8] .
Consider the equilibrium ensemble of closed bosonic strings at fixed temperature in d=25 spatial dimensions [6] . The strings are assumed to be confined to a box of spatial volume:
We will define the inverse temperature to have dimensions of length (inverse energy). We work in the natural unitsh=c=1 with Boltzmann's constant set to unity. As in the previous section, we assume the validity of perturbation theory in a small coupling so that it is sensible to consider thermal ensemble averages in the free string Fock space. We compute the normalized closed string generating functional for connected one-loop vacuum graphs in the Euclidean embedding space R 25 ×S 1 /Z 2 following the method in [5, 11] . This leads to the Helmholtz free energy for the ensemble of free strings and an analysis of closed string thermodynamics, building on insights from the earlier works [2, 3, 4, 5, 6, 7, 8, 9] .
Since strings necessarily interact gravitationally even at arbitrarily weak coupling, we must address the possibility of a Jeans instability in this computation [9, 10] . We note that the analysis of closed string thermodynamics is, strictly speaking, valid only in the limit of infinite volume or the far infrared regime. A criterion for the suppression of the Jeans instability in an ensemble of weakly gravitating strings was given in [9] . The restrictions on the length scales, R, probed in such an ensemble are related to the free energy, F , of the bosonic modes in the thermal spectrum:
where g is the dimensionless closed string coupling. We comment that, at zero string coupling, this criterion is automatically satisfied in the infinite volume limit. This is the case of relevance for the discussion in this paper. We should note, however, that the one-loop vacuum amplitude of string theory is free of any dependence on the string coupling constant. Thus, invoking weak-strong duality in tachyon-free and infra-red finite fermionic string theories, suggests that the thermodynamics of infinitely coupled heterotic closed strings is equivalent to the thermodynamics of an ensemble of free open and closed type I strings, as evidenced in [22] . Thermal duality is spontaneously broken at strong coupling leading to distinct phenomena that are explored elsewhere [22, 13] . In this paper, we pave the way for that discussion by clarifying the thermodynamics of a thermal duality invariant ensemble of free closed strings.
The thermal duality of the vacuum energy density of an equilibrium ensemble of free closed strings is easy to demonstrate. As explained in section 2, the Helmholtz free energy density of free bosonic strings in 25 spatial dimensions is obtained from the generating functional for connected bosonic string vacuum graphs in an embedding Euclidean space with the topology R 25 ×S 1 /Z 2 [22] . Thus, our approach is similar to that suggested in the earlier work [5] , except that we (i) emphasize the thermal duality properties of the vacuum energy density in closed string theory [11] , and (ii) take into account the orbifold topology of the imaginary time direction. Thermal duality implies drastic differences in the conceptual underpinnings of closed string thermodynamics, and it is this aspect of our analysis which leads to the fundamentally different conclusions from those in [9] .
Normalization and Phase of the Vacuum Generating Functional
Recall from section 2 that the normalized generating functional of connected one-loop vacuum graphs in finite temperature bosonic string theory is given by the sum over connected Riemann surfaces with the topology of a torus in the embedding space R 25 ×S 1 /Z 2 [5, 11, 22] . The temperature of the canonical ensemble of free strings is the inverse of the interval length of the orbifold, T = 1/β = 1/πr circ. . The generating functional at temperature β −1 is given by the following expression:
W is the generating functional of connected one-loop vacuum graphs in bosonic closed string theory and is an intensive quantity. Dividing out by the volume of spacetime gives the dimensionful effective potential: ρ(β)=−W/(V β). The various factors in W may be understood as follows. The factor of β = πr circ. arises from the integration over imaginary time, the interval length of the orbifold S 1 /Z 2 .
The box regularization of the spatial volume arises from integration over the zero modes of the 25 spatial embedding coordinates. The factor of 1 2 is a Z 2 symmetry factor accounting for the inclusion of only even parity modes in the untwisted sector; the relative signs of the different terms in the square brackets is determined by modular invariance. Here, p L(R) = πn β ± wβ πα ′ . We can introduce a dimensionless inverse temperature (radius) defining x ≡ r(2/α ′ ) 1/2 , with β = π(α ′ /2) 1/2 x. The dimensionless quantized momenta live in a (1, 1) dimensional Lorentzian self-dual lattice [11] :
The momentum summation is manifestly invariant under thermal duality, β→π 2 α ′ /β, or x → 2/x, simultaneously interchanging the dummy indices, n → w.
It is instructive to compare this result with Eq. (33) of [5] where the high temperature limit of the generating functional of connected one-loop vacuum graphs was computed in the path integral formulation. The normalized, and modular invariant, measure for moduli in Eq. (12) is as obtained in [5, 11] . It corresponds to the world-sheet metric, ds 2 = |d(σ 1 + τ σ 2 )| 2 , where τ = τ 1 + iτ 2 is the complex modulus for the torus. The integration region, F , is the fundamental domain of the torus [11] . The factor in round brackets is the modular invariant contribution from free string periodic oscillators in 23 non-compact transverse directions. Here, q=e 2πiτ . Note that integration over τ 1 can be interpreted as the imposition of the level matching condition, L 0 =L 0 , a constraint on the path integral which yields the physical state spectrum of free closed bosonic strings. The integers n, w, label, respectively, momentum and winding modes of the string in the imaginary time direction.
A Poisson resummation of the factor in square brackets in Eq. (12) puts it in a manifestly modular invariant form suitable for comparison with the path integral derivation in [5] :
The path integral derivation of the momentum summation is as follows. In the high temperature limit, we can restrict the p 0 summation to modes winding in the σ 2 direction. We decompose X 0 =y 0 +X 0 cl. , where X 0 cl. is a classical solution to the equations of motion periodic in the σ 2 direction [5]:
X µ (σ 1 , σ 2 + 2π) = y µ (σ 1 , σ 2 ) + 2nβσ 2 δ µ 0 , S(X, g ab ) = S(y, g ab ) +
S is the action of the Polyakov string. We have used the fact that in the world-sheet metric defined earlier, √ gg 22 = 1/τ 2 . The extra term in the world-sheet action contributes the exponential:
∞ n=−∞ e −n 2 β 2 /πα ′ τ 2 , to the expression for the one-loop vacuum energy density [5] . Generalizing to modes which wind in both σ 1 and σ 2 directions, and referring to the full world-sheet metric, we obtain:
with w, n ∈ Z. Performing the Gaussian path integrals as before gives the full exponential appearing in either Eq. (14), or Eq. (12), except for the temperature dependent phase. Notice that modular invariance is manifest in Eq. (14) even without the temperature dependent phase. On the other hand, inclusion of a temperature dependent phase in the sum over momentum sectors in the path integral prescription for the one-loop vacuum amplitude is crucial in order to obtain the thermal duality invariant form given in Eq. (12) . Thermal duality interchanges the low and high temperature phases of string theory, and invariance requires the presence of both species of modes in the vacuum energy functional [11] .
A clarification about the temperature dependent phase appearing in Eq. (14) is in order. We reiterate that it is not required by modular invariance but is necessitated by the requirement of thermal duality. It cannot be directly derived in the path integral formulation. We should note that neglecting to include this phase factor would result in a global (parity) anomaly. The reason is as follows. Recall that the r circ. = (2α ′ ) 1/2 circle theory can be shown to be equivalent to the massless Dirac fermion in two dimensions by using two-dimensional Bose-Fermi equivalence [17] . Under this equivalence, the dimensionless holomorphic, and antiholomorphic, momenta are mapped to the vacuum fermion charges for component left-and right-moving Weyl fermions. Fermion charge conservation holds independently for each Weyl fermion [18] . More generally, the phase factor can be written in the form:
(n, w) sector :
(−1)
Since, by the level matching condition [11] , N) ], the phase factor is trivial for even integer values of x 2 . In the absence of the phase factor the holomorphic and antiholomorphic fermionic charges will not decouple into the thermal duality invariant form given in Eq. (12). The derivation above demonstrates that the temperature-dependent phase is unambiguously determined by the requirement of thermal duality. This prescription holds at arbitrary temperature. The equivalence to the parity anomaly considerations at the temperature corresponding to the free Fermi point is a nice check on this observation.
To summarize, the thermal duality invariant result for the generating functional of connected one-loop vacuum graphs in the embedding space R 25 ×S 1 /Z 2 given in Eq. (12) can be written in path integral form as follows:
Here, µ 0 is the bare world-sheet cosmological constant which renormalizes to zero in the Weyl anomaly free critical string [14, 5, 16] . R g is the intrinsic curvature of the world-sheet, and the term in the action proportional to the Euler character will, of course, vanish for surfaces with the topology of a torus. We have written W in a form that makes the analogous prescription for computing the multi-loop contributions to the vacuum energy density obvious: sum over momentum sectors weighted by arbitrary temperature dependent phases subject to the preservation of thermal duality invariance. Within each sector, perform the path integral in a manifestly reparameterization invariant way preserving Weyl invariance [15, 5, 16] . This prescription can be contrasted with that given in [20] . Temperature dependent phases in the finite temperature string path integral were first discussed in [9] in the context of the thermal superstring, but the prescription given there explicitly breaks thermal duality.
Imaginary Time Formalism and the Orbifold
Recall from our discussion in section 2 that the imaginary time formalism instructs us to include only even parity wavefunctions in the path integral, invariant under the reflection, X 0 ≃ −X 0 . Thus, the topology of the imaginary time direction is a Z 2 orbifold with fixed points at X 0 =0, πr circ. . This subtlety had been missed in the finite temperature string theory literature [4, 5, 7, 8, 9, 11] prior to our work [22] . The untwisted sector consists of states with even oscillator number, i.e., N 0 +N 0 even, and with momentum vectors in the subspace invariant under (n, w)→(−n, −w). This gives the factor of 1 2 in front of the x-dependent summation in Eq. (12) . The action of R requires n=w=0 in addition to even oscillator number. Thus,
This expression is not modular invariant due to the presence of the second term. A modular invariant spectrum of free strings living on the interval requires that we include additional twisted sectors in the path integral: sectors where X 0 satisfies the boundary condition X 0 (σ 2 + 2π) = −X 0 (σ 1 ), which implies n=w=0. The strings are therefore localized at either fixed point, X 0 =0, πr circ. . The anti-periodicity in the boundary condition implies a half-integer mode expansion. The result for the sum of the twisted sectors is [11] :
Combining Eqs. (19) and (20) , the final result can be expressed in the form given in Eq. (12) [17] by using the Jacobi triple product identity. The Θ i (0, τ ) are the Jacobi theta functions. Notice the manifest modular invariance of the expression in Eq. (14) : under τ →τ +1, Θ 2 →−Θ 2 , Θ 3 →Θ 4 , and vice versa. Under τ →−1/τ , Θ 3 →(−iτ ) 1/2 Θ 3 , Θ 3 →(−iτ 2 ) 1/2 Θ 4 , and vice versa. The absolute magnitudes remove the phases. In summary, the bosonic partition functions in Eq. (12) can be written in the form:
The factor inside curly brackets is the partition function, Z orb. (β), of a free boson in two dimensions, X 0 (z,z), whose target space has the topology S 1 /Z 2 , with interval size β = πr circ. . Z 23 is the partition function of 23 free bosons with noncompact target space R 23 . Each factor is separately modular invariant.
Recall that the spectrum of states in the partition function of a free boson are in one-to-one correspondence with the operators in a two dimensional conformal field theory with central charge c = 1 [17] . The spectrum contains a single marginal operator, ∂ z X 0 ∂zX 0 , of conformal dimension (h,h)=(1, 1). Perturbation of the free Lagrangian by this operator leaves the spectrum and quantum correlation functions of the conformal field theory unchanged, but for a change in the radius of the target space. In thermal string theory, this modulus is the inverse temperature, the size of the interval in the imaginary time direction. The c = 1 conformal field theories have been classified, and the form of their moduli space is known [17, 11] . The two fixed lines correspond to twodimensional free boson theories whose target spaces are, respectively, a circle and an orbifold. The fixed lines intersect at the continuum limit of the Kosterlitz-Thouless (KT) point of the X-Y model [21] . The orbifold and circle partition function are related by the formula [17] :
The notation Z orb. (r circ. ) in this equation means the partition function of the free boson whose target space is the Z 2 orbifold of a circle of radius r circ. under the reflection, X 0 → −X 0 . Points on the circle fixed line correspond to S 1 theories with radius r circ. , while points on the orbifold fixed line correspond to S 1 /Z 2 theories with interval length πr circ. . Setting r circ. = α ′1/2 2 in Eq. (22) , gives the equality of orbifold and circle partition functions at the KT point of the c = 1 moduli space:
The second equality follows from thermal duality of the circle partition function. Thermal duality is a simple consequence of Lorentz invariance together with the invariance of the vacuum energy functional of a closed string theory under T-duality transformations mapping small radii to large radii, r→α ′ /r [11] . Note that either fixed line in the c = 1 moduli space displays an r→r 2 c /r duality, with self-dual radius, r c = α ′1/2 . Thus, the partition function of the KT model has two equivalent representations: as the circle theory of radius 2α ′ , or as the R-orbifold theory with interval length πα ′1/2 . The spectrum of the KT point on the orbifold fixed line is invariant under thermal duality transformations, β → π 2 α ′ /β. This self-duality is apparent in either representation of the partition function.
Thermal Duality and Evidence for Holography
We can infer from the discussion above that the vacuum energy density of an equilibrium ensemble of free closed strings is invariant under the transformation, β → π 2 α ′ /β, with self-dual temperature, T c = 1/πα ′1/2 . Since W (T )=W (T 2 c /T ) is duality invariant, we infer the thermal duality relation for the effective potential ρ(T ) = −W T /V [11] :
Consider the high temperature limit of this expression. Under a thermal duality transformation,
where ρ 0 is the vacuum energy density at zero temperature [11] . For free closed bosonic strings, we have:
The T 2 dependence of the vacuum energy of an equilibrium ensemble of free closed strings in the high temperature limit is similar to that of a two-dimensional field theory at finite temperature. Notice that the prefactor is unambiguous, a consequence of the normalizability of the vacuum energy functional in string theory [5] . It is also background dependent. The relation in Eq. (25) is unambiguous evidence for a reduction in the degrees of freedom of closed string theory at high temperature [9] .
Thermodynamic Potentials and the KT Transition
We can now derive the thermodynamic potentials of the canonical ensemble. We will show that the thermal duality transition is of the Kosterlitz-Thouless type: both the Helmholtz free energy and all succeeding thermodynamic potentials are continuous through the transition [21] . We will find that the Helmholtz free energy precisely vanishes at the self-dual point.
In the previous section, we showed that the generating functional of one-loop finite temperature vacuum graphs in bosonic string theory is given by the manifestly modular and thermal duality invariant expression:
(27) Recalling the relation β = πx( α ′ 2 ) 1/2 , and referring back to Eq. (4), we obtain the Helmholtz free energy:
This expression vanishes precisely at the self-dual temperature, T c =1/πα ′1/2 , x c = √ 2. It follows that:
since the vacuum energy density, or effective potential, is negative. We pause to emphasize that while the generating functional of connected vacuum graphs in closed string theory is invariant under a thermal duality transformation, the thermodynamic potentials are not duality invariant. This point had been missed in the earlier works [9, 11] .
Notice that the cancellation at the self-dual point is between an infinite sum over momentum modes and the infinite sum over winding modes: n, w are dummy indices, and interchanging them in one of the terms of Eq. (28) leads to the cancellation. We emphasize that the cancellation is quite independent of any properties of the modular integrals, and it holds everywhere in the modular domain. It is a consequence of thermal duality in the spectrum, although not in the expression for the Helmholtz free energy.
Consider the contribution to the Helmholtz free energy from a given sector with fixed momentum and winding number eigenvalue. Notice that the exponential damping at large (small) β for momentum (winding) states is modified by the temperature dependent pre-factors in Eq. (28). Thus, for example, while a high temperature decoupling of the pure momentum modes may lead one to think that this regime is dominated by the leading winding number one state, its contribution is in fact cut off for sufficiently small β by the prefactor in Eq. (28). At any temperature, the Helmholtz free energy receives contributions from all of the momentum and winding sectors. Finally, notice that the n=w=0 sector does not contribute to the Helmholtz free energy. This includes both the untwisted sector tachyon, and all of the twisted states in the orbifold spectrum. This is as it should be since these are not true thermal modes. But, in their absence, the generating functional of vacuum graphs would not respect either thermal duality or modular invariance. Notice that these states do contribute to the duality invariant effective potential. It remains to check for possible discontinuities in the free energy density and the remaining thermodynamic potentials at the critical point, thereby determining the nature of the duality phase transition. It is convenient to define:
Denoting the mth partial derivative with respect to β at fixed volume by W (m) , y (m) , and setting x ≡ αβ, we note that the higher derivatives of the generating functional take the simple form:
[dτ ]e −y (−y (1) )
Referring back to the definition of y, it is easy to see that the generating functional and, consequently, the full set of thermodynamic potentials is analytic in x. Notice that third and higher derivatives of y are determined by the momentum modes alone:
For completeness, we give explicit results for the first few thermodynamic potentials:
Let 2πτ 2 ≡ t. The entropy is given by the expression:
For the specific heat at constant volume, we have:
Setting x = x c (1 ± ǫ), it is easy to verify explicitly that there is no discontinuity in approaching T C from above or below.
Conclusions
This work is a satisfying resolution to two puzzles raised in the seminal work [9] . The first is the clash between the back-of-the-envelope estimate for the Hagedorn limiting temperature faced with the absence of a demonstrable divergence in either the one-loop effective potential or the free energy [11] . The second is the clash of physical intuition with the notion of a thermal duality invariant free energy-dismissed as nonsense in ref. [9] . We have shown that, when correctly implemented, thermal duality leads to sensible results for the free string ensemble in perfect accord with physical intuition. The thermal duality invariant object is the generating functional for connected one-loop vacuum graphs, or the one-loop effective potential. The Helmholtz free energy is not duality invariant although it has special properties owing to its origin in a duality invariant generating functional. It is our hope that this resolution puts the framework for the canonical free string ensemble on sounder footing, enabling reliable and physically sensible calculations in finite temperature string theory. Some of these will be explored in forthcoming work [13] .
The idea of a limiting temperature nevertheless remains a stimulating suggestion, and it will be interesting to re-examine the possibility of a Hagedorn divergence in the free energy for the free string ensemble at strong, or at infinite coupling, where thermal duality is spontaneously broken [22] . We comment that the original observation of a limiting temperature was made in the context of open string theory [2, 3] and, as was pointed out by us in [22] , thermal duality invariance does not hold in an open and closed string theory. We will return to this issue in forthcoming work [13] . We reiterate, however, that the standard derivation of the Hagedorn divergence makes no distinction whatsoever between systems which preserve or violate thermal duality: the divergence is related instead to the exponential rise in the zero temperature density of states function common to both open and closed strings. It makes no reference to the finite temperature aspects of the thermal ensemble.
Of profound interest will be a better understanding of the thermal duality transition in closed string theories, and the spontaneous breaking of thermal duality in the strongly coupled heterotic string [22] . Fermionic string theories are replete with the possibility of infrared instabilities at low temperature in the absence of spacetime supersymmetry. This phenomenon is easy to exhibit [4, 9, 22] and its resolution brings in new concepts which are the subject of a forthcoming paper [13] .
Substituting from the asymptotic mass formula, we obtain the asymptotic mass density in the untwisted sector of the free string spectrum [2] :
At high levels, the masses in the free string spectrum approach a continuum, and the approximation of a smooth number density as a function of mass, g(m), is usually made in the string literature [2, 3, 4, 8, 9, 11] . It is well-known that exponential growth in the mass density of a thermodynamic ensemble generically implies a characteristic divergence in the free energy, first observed by Hagedorn [1] . Consider a statistical ensemble described by a Hamiltonian, H, with equilibrium eigenvalue spectrum given by an exponentially growing mass density, g(m) = e bm , with b some characteristic length scale. The Helmholtz free energy of the ensemble can be written as [1, 2] :
where m 0 is an infrared cutoff on the mass spectrum of the statistical ensemble. The free energy is seen to diverge for temperatures β −1 > 1/b, and the critical value, 1/b, is known as the Hagedorn transition temperature. Thus, the exponential growth in the asymptotic density of states in the untwisted sector of the free string spectrum appears to indicate a Hagedorn divergence in the free energy of the free string ensemble at temperatures beyond 1/4πα ′1/2 [2, 4, 8, 9, 11] .
